ON UNIPOTENT AND NILPOTENT PIECES FOR CLASSICAL GROUPS 
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Abstract. We show that the definition of unipotent (resp. nilpotent) pieces for classical groups 
given by Lusztig (resp. Lusztig and the author) coincides with the combinatorial definition using 
closure relations on unipotent (resp. nilpotent) classes. Moreover we give a closed formula for a 
map from the set of unipotent (resp. nilpotent) classes in characteristic 2 to the set of unipotent 
classes in characteristic such that the fibers are the unipotent (resp. nilpotent) pieces. 



1. Introduction 

Let G be a symplectic or special orthogonal group defined over an algebraically closed field of 
characteristic exponent p > 1 and let g be the Lie algebra of G. Denote Uq (resp. Af s ) the set of 
unipotent (resp. nilpotent) elements in G (resp. g). In [5j[6], Lusztig defines a partition of IAq into 
smooth locally closed G-stable pieces, called unipotent pieces (see [5] for symplectic groups and [6j 
for special orthogonal groups) . In [7J , Lusztig proposes another way to define unipotent pieces and 
shows that the new definition unifies the definitions in |6] . In Appendix A of [7] , Lusztig and 
the author define an analogue partition of J\f s into smooth locally closed G-stable pieces, called 
nilpotent pieces. The unipotent or nilpotent pieces are indexed by unipotent classes in the group 
over C of the same type as G, and in many ways depend very smoothly on p. 

In section [H we show that one can define pieces combinatorially using closure relations on 
classes (for unipotent pieces this definition is first considered by Spaltenstein |11| ) and that the 
combinatorial definition gives rise to the same pieces as in [7] (for unipotent pieces in symplectic 
groups this follows from [7] ) . In section [5j we determine which classes lie in the same piece (for 
pieces in symplectic groups this follows from OUJ; for unipotent pieces in special orthogonal groups 
another computation using different methods is given in [9]). In section [6j we define a partition of 
Uq (resp. J\f B ) into special pieces as in [3] (where p = 1) and show that a special piece is a union 
of unipotent (resp. nilpotent) pieces (for IAq this follows implicitly from III], see [9]). 



2. Notations and recollections 



2.1. Let Vin) denote the set of all partitions A = (Ai > A2 > • • • > 0) such that |A| := \ = n - 
For A E Vin), define A* = |{Aj|Aj > j}\ and m\(j) = A* - A* +1 . For A,/t G V(n), we say that A < a 
if the following equivalent conditions hold 

(a) J2je[i,i] X J ^ £ie[l,i] Mi, for all i > 1, 

(a') Eie[l,i] X j ^ ZtfeM ^i' for a11 * - L 

1 



2 TING XUE 

Let 7 > 2{n) denote the set of all pairs of partitions (a, /3) such that |a| + |/3| = n. For (a, /3) G T > 2( n )> 
oi = («i > OLi >■■■), P = (ft > 02 >•••), we set 

(1) At = («i + ftO, #i = («j + ft) + » > 1- 

For (a,/3), (c/,ft) G P 2 (n), we say that (q,/3) < (c/,ft) if A { < A\, B { < B\, for all i > 1. 

2.2. Let W be the Weyl group of G and W A the set of irreducible characters of W over C. 

If W is of type B n (or C n ), n > 1, then W A is parametrized by ordered pairs of partitions 
(ot,/3) 6 T > 2{n) (see [2]). We identify W A with Vi{n) where (n,—) is the trivial character and 
(— , l n ) is the sign character. 

If W is of type D n , n > 2, then W A is parametrized by unordered pairs of partitions {a,/3} 
with \a\ + \f3\ = n, where each pair {a, a} corresponds to two (degenerate) elements of W A . We 
identify W A with the set {(a, 0) G T > 2{n)\j3i < a±}, where each pair (a, a) is counted twice. 

2.3. Denote VtP Q and VtP 5 the set of unipotent classes in IAq and nilpotent classes in J\f g respectively. 
Recall that we have injective maps (see |X3|, [3j [T4]) 

(2) 7 £ :^W A , 7 p : ^^W a 

which map a class c to the irreducible character of W corresponding to the pair (c, 1) under Springer 
correspondence. We denote (resp. A^) the image of the map 7^ (resp. 7^). We may write f2 p 
to denote either Qq or Qq and similar conventions apply for A p , j p . 

When p ^ 2, there are natural identifications of the sets Qq, fig with fi^,, the sets A^,, Ag with 
A;k, and the maps 7^, 7^ with 7^. We have (see EDI 021 ESj ) * 

A 50(2n+i) = {("'ft G ^2(n)k+i < ft < a, + 2}, 
A S P (2n) = {(«, ft G ^2(n)|ai+i - 1 < ft < Qi + 1}, 
A 50(2n) = {(«>ft G P 2 (n)|a*+i - 2 < ft < aj; 

4o(2n+l) = A lp(2n) = {(«> ft G 7> 2 («)|a*4-l " 2 < ft < a; + 2}, 

A 50(2n) = {(« 5 ft G ^ 2 (n)|a i+ i - 4 < ft < a^}; 
A s 2 o(2n+i) = IK ft G 7Mn)|ft < Qi + 2}, A s 2 p(2n) = V 2 (n), 
A s 2 o(2n) = {(^ft GP 2 (n)|ft <a,}, 
where for G = SO(2n), each pair (a, a) is counted twice in the sets A. Note that (see also [8]) 

Ah c A 2 G c Ag. 

2.4. Assume p / 2 and G = Sp(N) (resp. SO(N)). The 5p(iV) (resp. 0(A r ))-conjugacy class of 
u G Z/fc is characterized by the partition A G V(N) given by the sizes of Jordan blocks of u — 1. We 
can identify 

^Sp(N) with the set {A G P(iV")| m\(i) is even if ? is odd}, 
^SO(JV) with the set {A G V(N)\ rn\(i) is even if i ^ is even}, 
where in the case of SO(2n), each A with all parts even corresponds to two (degenerate) classes. 
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Assme A = (Ai > A 2 > •••) € Q^and-y^X) = (a, (3), a = (ai > a 2 > • • • ), /9 = (ft > ft > • • • )• 
Recall that A and (at, ft) are related as follows [2]. If G = SO(2n + 1), then 



\2i-l 



2ai + l + 8i, \ 2i = 2ft - 1 + Oi, 



where 

(3) Si = 

if G = Sp(2n), then 
where 

Si 

if G = SO(2n), then 
where 

Si 



1 if ft = a, + 2 

-1 if«i = ft_i (t>2) , Oi 

otherwise 



1 if fa = a i+ i 
-1 if ft = a; + 2 ; 
otherwise 



A 2 j-i = 2a-i + Si, X 2i = 2ft + 6>j 



1 if ft = ai + 1 
-1 if ai = ft_i + l (*>2) 
otherwise 



1 if ft = ai+i - 1 
-1 ifft = a, + l 
otherwise 



A 2 i-i = 2«i - 1 + 4, A 2i = 2ft + ! + 



1 if ft = Qj 

-1 if at = fa-! + 2 (* > 2) , 
otherwise 



1 if ft = - 2 
-1 ifft = «j 
otherwise 



(note that 75Q( 2n )(A) = (a, a) if and only if all Aj are even; the two degenerate classes corresponding 
to A are mapped to the two degenerate elements of W A corresponding to (a, a) respectively under 

TsO(2n))- 



2.5. Assume p = 2 and G = Sp(2n) (resp. SO(2n)). The Sp(2n) (resp. 0(2n))-conjugacy class 
of u € is characterized by the partition A € V(2n) given by the sizes of Jordan blocks of u — 1 
and a map e : N — > {co,0, 1} satisfying the following conditions (see I 2.6]) 

(a) e(i) = to, if i is odd, or if i > 1 and m\(i) = 0, 

(b) e(«) = 1, if i 7^ is even and m\(i) is odd, 

(c) e(i) ^ co, if i is even and m\(i) > 0. 

(d) e(0) = 1 (resp. e(0) = 0). 

If G = SO(2n), then A^ is even. We have a natural bijection 

( 4 ) fi l P (2n) -»• ^lo(2n+l) > (A, <0 ^ (A', £>) 

given by the special isogeny SO(2n + 1) — > Sp(2n), where A = (Aj),A' = (A^); if Aj_i > and 
Aj = 0, then A^ = 1, e'(A^) = w; otherwise, A^ = Aj, e'(A0 = e(Aj). We identify fig with the set of 
all (A, e) as above, where in the case of SO(2n) there are two (degenerate) classes corresponding 
to each (A, e) such that e(Aj) = for all A, with m\(\i) > 0. 

Assume (A,e) € fig, A = (Ai > A 2 > • • • ), and Jq((X,£)) = (a, ft), a = (ol\ > a 2 > • • • ), 
ft = (ft > ft > • • • )• Recall that (A,e) and (a, /3) are related as follows If G = Sp(2n), then 

(5) A 2i _i = 2oi + Si, \ 2l = 2Pi + 6i, £(\ 2 i-x) = e(Si), e{\ 2i ) = e(9i), 
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where 



(6) 



e(5i 



if fa = cti + 2 

if ft = ai + 1 

if a* = + 2 (i > 2) 

if a< = ft-i + 1 (i > 2) 

otherwise 

if ffj = ±2 

if 5, = ±1 , e(9i) = 
otherwise 



if ft 
if ft 
if ft 
if ft 



Oi+l - 2 
Oi+l - 1 
a* + 2 
a* + 1 



otherwise 



if 6 t = ±2 
if 6>j = ±1 
otherwise 



if G = SO(2n), then 

X 2i -i = 2a; - 2 + $ A2i = 2ft + 2 + 0i, e(A W -i) = e(A 2i ) = 



where 



e(5i) 




Pi- 
Pi- 



otherwise 



- 1 

-l + 4 (» > 2) 
-i + 3 (i > 2 



if Si = ±2 
if Si = ±1 
otherwise 





1 



iff 

if i. 
otherwise 



-2 
-1 
i 

±2 
±1 



if ft = a i+1 - 
if ft = a i+ i - 
if ft = a, 
if ft = a, - 1 
otherwise 



(note that 7§o(2 n )((^> e )) = ( a i a ) if an d oru y if f° r a H h e (Aj) = 0; the two degenerate classes 
corresponding to (A, e) are mapped to the two degenerate elements of W A corresponding to (a, a) 
respectively under 7f ( 2n ))- 



2.6. Assume p = 2 and G = Sp(N) (resp. SO(N)). The Sp(N) (resp. O(iV) )-class of x G A/" is 
characterized by the partition A G V{N), A = (Ai > A 2 > ■ ■ ■ ), given by the sizes of the Jordan 
blocks of x and a map \ '■ {K}i>i — > N satisfying the following conditions (see [I]) 

(a) < X (Ai) < % (resp. [*±i] < X (A<) < Ai), 

(b) x(Ai) > x(Ai+i), Aj - x(Aj) > A i+ i - x(Aj+i), 

(c) x(Aj) = 4f (resp. x(Aj) = Aj), if m A (Aj) is odd. 

If G = SO(N), then {A 4 ^ 0|m A (A 4 ) is odd} = {a, a - 1} n N for some a G N. We identify 
fig with the set of all (A,x) as above, where in the case of SO(2n) there are two (degenerate) 
classes corresponding to each (A,x) with x(Aj) = Aj/2 for all i > 1. 

Assume (A,x) G fig, A = (Ai > A 2 > • • • ), and 7 2 ((A,x)) = (a,/?), a = {a x > a 2 > ■ ■ ■ ), 
P = (Jh>fo >■■■)• Reca11 that ( A >*) and (a,/3) are related as follows [HI US]. If G = Sp(2n), 
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then 



Al "\ 2«! if a 1 >p 1 ' ^ Al ) = «i> 

a i+ i + ft if ft < a l+ i 
A2i = { a-i + ft if ft > ati , x(A 2 i) 

2ft if < ft < oti 

a i+ i + ft if a i+ i > ft 



«i if ft > «j 
ft if ft < «i 



\ j it ■ /\ \ I C^i+l if — ft • ^_ 

A2i+1 = S «i+l+ft+l it < ft+1 , X(A 2 j + l) = < o - fn . a , I > 1; 

2« m if ft + i < a i+1 < ft I lf > ft 

if G = SO(2n + 1), let k > be the largest integer such that /ft > 0, then 



A 2 j-i = < on + 1 if « = fc + 1 x(A 





+ ft 


iff 


< £; + 1 


«/ 


+ 1 


if % 


= fc+1 






if i 


> 




+ ft 


if i 


< fc + 1 






if i 


> fc + 1 



2i-l, 



on + 1 if i < fc + 1 
if i > fc + 1 



x i ««, i •/, i j < . n i . / \ \ I + 1 if i < k + 1 . 1 

A2i = \ a , if*>fc + l x(A2i) = \«, ift>Jfe + l ' 

if G = SO(2n), then 

A 2 i-i = A 2i = oj + ft, x(A 2 i-i) = x(A 2 j) =ati, i>l 

(note that 7 2 ( 2n )((A, x)) = (a, a) if and only if for all i, x(Aj) = Aj/2; the two degenerate classes 
corresponding to (A, x) are mapped to the two degenerate elements of W A corresponding to (a, a) 
respectively under 7 2 ( 2n ))- 



2.7. Assume G = Sp(2n). When p ^ 2, each piece consists of one class. Let C, = (A Ci ,£j) G 
(resp. Cj = (A Ci ,Xi) ^ ^g)> i = 1,2. Recall that 

Lemma ([7J). T/ie classes c\ and c 2 Zie in i/ie same piece if and only if A C1 = A C2 . 

2.8. Let V be a vector space of dimension N equipped with a nondegenerate quadratic form Q. 
The orthogonal group 0(V) = {g G GL(V r )|Q(5'u) = v, V v G V}. The special orthogonal group 
50(V) is the identity component of 0(V). 

Assume G = SO(V). Let c G Qq (resp. f2 2 ) and u G c (resp. x G c). Let = (V> a ) (with 
V> a +i C V> a ) be the canonical Q-filtration of V associated to u (resp. x) (see 2.7(a), A.4(a)]). 
We define gr a (y*) = V> a /V> a+ i and set / a = dim gr a (V*). Then f a ^ for finitely many a, and 
the set of numbers {f a } depends only on c and not on the choice of u G c (resp. x G c); we denote 
this set by T c . Let ci,c 2 G Q p . If G = SO(2n), we assume that ci, c 2 are not two degenerate 
classes conjugate under 0(2n). Recall that 

Lemma (|7J). The classes ci and C2 lie in the same piece if and only ifT cl = T C2 . 

Let T = u — 1 (resp. T = x). If p ^ 2, then (see [7]) 

(a) V> a = E,> m ax(o,a) TiQser T 2 i~ a+l ). 

Now assume p = 2. If T = 0, then V> a = for all a > 1 and y> a = V for all a < 0. Assume from 
now on that T^O. Let e be the smallest integer such that T e = and / the smallest integer such 
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that QT-f = 0. Let m be the largest integer such that gr m (V*) ^ 0. We have (see [7]) 

m = max(e — 1, 2/ — 2); 

^>- m +i yjT 6 - 1 !; = 0} if e > 2/, 

V>- m+1 = {v£ V\T e - l v = 0, Q{Tf- l v) = 0} if e = 2/ - 1, 

V>-m+i F|Q(T^-^) = 0} if e < 2/ - 1. 

Let V = V>-rn+i/V>m- Then Q induces a nondegenerate quadratic form on V' and it (resp. x) 
induces an element v! E Usoiy 1 ) (resp. cc' E AOy/)), where SO(V') is defined with respect to Q'. 
Let c' be the class of u' (resp. a/) in SO(V') (resp. so(V)). Assume T c = {f a } and T c / = {/„}. 
We have (see [7]) 

(b) /a = /„, /or a// a E [-m + l,m - 1]. 

2.9. Let c, c' E fig (resp. fig). We say that c < c', if c is contained in the closure of c' in G (resp. 
g); and that c < c', if c < c' and c ^ c'. 

In the following if G = SO(2n), we assume that c and c' are not two degenerate classes conjugate 
under 0(2n) (such two classes are incomparable with respect to the partial order <). 

Assume c = A, c' = A' E fi£,. We have c < c' if and only if A < A' (see pH II 8.2]). 

Assume c = (A, e), c' = (fi, (p) E fig. We order the set {ui, 0, 1} by u < < 1. Then c < d if and 
only if (A, e) < (//,</>) (see [Tj] II 8.2]), namely, the following conditions hold 

(a) \<(i, 

( b ) Eje[l,i] X j ~ max(e(i),0) > Eje[i,i] A*j ~ max(0(i), 0), for all i > 1, 

(c) if Eje[i,i] A j = E jG [i,i] and A* +1 - is odd, then <j){i) + 0, for all % > 1. 

3. Reformulation of closure relations on unipotent and nilpotent classes 

3.1. Let c, c' E fi p (if G = SO(2n), we assume that c, c' are not two degenerate classes conjugate 
under 0(2n)). 

Proposition. We have c < c' if and only if ^ p (c) < 7 p (c'). 

If c, c' E fig, the proposition is a result of Spaltenstein |12j . The proofs for c, c' E fi G when p ^ 2 
and p = 2 are given in subsections 13.21 and 13.31 respectively. 

3.2. Assume c = A,c' = A' <E fig, 7g( c ) = («>/?) and 7g(c) = (a/,/3'). We show that 

(a) A < A' i#(a,/3) < (a',/3')- 

We prove (a) for G = SO(2n + 1). The proofs for Sp(2n) and SO(2n) are entirely similar and 
omitted. For (a,/3) E ^so{2n+i)> let ^'-^ be as in (P) and let A. ; = Ej e [i,i](°j+#j)> ®« = 
where Sj , #j are as in ([3]) . One can easily verify that 

/ 7 -v A ■ = / 1 if ^ = 9 • = / 1 if A = Q i + 2 

1 ^ otherwise ' * | otherwise 
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We have E^li A i = 2A * + A * and Tf=i X J = 25* + + 1. Assume A < A'. It follows fromO 

(a) and Q that A { < A[ and B { < B[. Hence (a, (3) < (a',/3') (see El]). 

Assume (a,/3) < (a',/3'). Then Ai < A\ and Bt < B[ for all i. We show that Ai = A\ implies 
Aj < A£. Assume otherwise, Ai = A^,Aj = 1,A^ = 0. Then ft = aj+i and /3| > Since 
Bi = Ai- (3i < B[ = A\- ft and B i+1 = A { + a i+1 < B' i+1 = A\ + q{ +1 , we have ft > ft and 
o-i+i < Qi^i which is a contradiction. Similarly i?j = B[ implies @i < Hence A < A'. 

3.3. Assume c = (A,e),c' = (fj,, <j>) G Uq, Jq(c) = (a,f3) and Ja( c ') = i a ' iP')- We show that 

(a) (A,e) < (p,<f>) z#(a,/3) < (a 1 , (3'). 

We prove (a) for G = Sp(2n) and then in view of (JH), (a) follows for G = SO(2n + 1). The proof 
for SO(2n) is entirely similar and omitted. Since Ej>i A i = Eje[i A* ]( A J ~~ *) and > ^ or * large 
enough, Eie[i,i] A j = Eje[i,i] we have 

(b) Eje[i,<] A j = E i6 [i,i] Mi ^E; e[ i,A* +1 ]( A i " *) = E ie[ i, M * +1 ](^ " 0- 
We show that 

(c) if X< fi and Eje[i,k] A j = Eje[i,k] then ^je[i,x* k+1 ] X J = ^ e [i,A* +1 ] Mi, 

(d) if \ < (j, and Eje[i, m ] X j = £je[i,m] Vj, then E je[ i,, tm] A* = E ie[ i lMm] 

By 12.11 (a 7 ), the assumptions in (c) imply that A£ < [i* k , A£ +1 > ^* k+l - It follows that fij = k 
for j G + 1, AJ£ +1 ] and thus £ i6[ i j(U * +i] (Mj - *0 = £je[l,A* +1 ] (Mj - *0- Now (c) follows from 

(b) . By 12.11 (a), the assumptions in (d) imply that A m+ i < /x m+ i and A m > fj, m . Let k = fj, m . 

Then Eje[i,A*]( A i ~ k ) = £je[i,m]( A j ~ £je[i,^](Mj - *) = £je[i, m ](Mj " k ) ( since A * = /c > 
i G [m + 1, A£]; fii = k, i G [m + 1, Now (d) follows from (b). 

For (a,/?) G A| p(2n) , let be as in (P) and let Aj = Eje[i,i](<^' + %)> = A i-i + where 

5j and #j are as in ([6]). One can easily verify that we have 

r 2 if& = a<+i-2 r 2 if ft = ^ + 2 

(8) Aj = < 1 if ft = oi+i - 1 , 0i = I 1 if ft = ai + 1 . 

I otherwise I otherwise 

Using (|5]) one can easily check that A 2 i_i = A 2 j iff ft > or (if i > 2) ft = ft-i, a« = Oj+i and 
ft < - 1; and X 2 i = A 2 j+i iff ft < a» + i, or ft = ft + i, a« = and ft > a« + 1. It then 
follows that 

(e) i/ft = aj + 2, i/ien A^ +1 is even, 

(f) if ai = ft_i + 2 (i > 2;, i/ien A Aa ._ i+1 is odd. 

We have Eie[i,2i] A i = 2 ^ + A * and E je [i,2i-i] A i = 2B * + e i- 

Assume (A,e) < (/i,</>). It follows from A < fi and © that Ai < A\ except if Aj = 0,A- = 2 
and Eje[i,2i] A i = J2je[i,2i] H- In tlie latter case > we nave A ^ a «+i> ^ = - 2, A 2 j+i < ^ 2 i+i 
and A 2 i > Hn- Then /^ 2 j = ^21+1 and 4>(n2i) = (we use ([5])). Let k = ^ 2 j. By (d), we have 
^ie[i,fc] A i = ^iG[i,fc] Mj' B y (^)> Mfc+i is odd - ^ A 2* > tn en A^ +1 = 2i is even, which contradicts 
12.91 (c). Hence A 2 j = and thus s(k) = (we use 12.91 (b) and k even). It follows that ft = ai + 2 
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(since /3j > Oj+i) and thus A£ +1 is even by (e), which again contradicts 12.91 (c). Hence Ai < A\. 
Similarly we have Bi < B[. Hence (a, (3) < (a', (3'). 

Assume (a, ft) < (a',/3'). We show that if A{ = A\ then A, < A-. Assume otherwise, Ai = A[, 
Aj = 1 (resp. 2), A^ = (resp. 1 or 0). Then as in the proof of 13.21 (a), we have > f3[ and 
ctj+i < a i+ii which contradicts to Aj < A' { (we use (JSj) ) . Similarly one can show if Bi = B[ then 
@i < 6-. It follows that X< fj,. 

We verify El (b). Assume e(fc) = 1, 0(fc) < 0, and Eje[i,fe] A j = £je[i,k] Let m = A fc+i- 
Then A m+ i = ^ m+ i = fc (since < A£ +1 < A£ < /x*). By (c), we have t2je[i,m] A i = Ey 6 [i,m] Mi- 
Suppose m = 2i. Note e(A m+ i) = 1 implies that <5j + i = 0, Aj = and thus A m+ i = 2oti + \. Since 
Ai < A\ and 2Ai + Aj = 2A\ + A'-, we have A { = A\ and A- = 0. Together with 0(/x m+1 ) < 0, 
this implies that /i m +i > 2a' i+1 . Hence aj + i > which contradicts Sj+i < -Bj +1 - Suppose 

m = 2i — 1. Note e(A m+ i) = 1 implies that #j = 0, 0j = and thus A m+ i = 2/3j. Since -Bi < B[ 
and 2Sj + Oj = 2B[ + Q[, we have .Bj = B[ and O- = 0. Together with <^(// m+ i) < this implies 
that /i m +i > 2{5\. Hence /3j > (3^, which contradicts Ai < A\. 

It remains to verify [2J)| (c) . Assume X^e[i,fc] A j = X^efi.fe] M|j A fc+i ~~ Mfc+i is °dd, and 0(fc) = 0. 
Let A£ +1 = m. Then /x m = k (since < A£ +1 < X* k < p*). By (c), E je [i,m] A j = £je[i,m] Mi- 
Suppose m = 2%. Note that s(fjt m ) = implies that 0- = 2, A[ = 2 {$[ = a' i+l - 2) or 6>- = -2, A ■ = 
(# = a< + 2). If = c^ +1 - 2, then A^ = 2 and 2A, + Aj = 2A\ + A^ imply that Ai = A' v 
Aj = 2 and thus = aj + i — 2, 8i = 2. Since A m = 2/3j + 0j > /i m = 2/3$ + 0j, we have /3j > /?• 
and thus aj+i > c^ +1 , which contradicts Bj+i < B' i+l . If /?• = a[ + 2, then is even (see (e)), 
which contradicts the fact that X* k+l — is odd. Suppose m = 2i — 1. Note that 4>(n m ) = 
implies that ^ = 2, 6< = 2 (# = a[ + 2) or 5< = -2, 6^ = (oj = + 2). If # = a< + 2, 
then 6^ = 2 and 25j + 8j = 2B[ + 8< imply 6j = 2, Bi = B[ and thus fa = a { + 2, <5j = 2. Since 
A m = 2a j + <5j > /i m = 2a'i + <5j, we have ctj > a- and thus /3j > which contradicts Ai < A\. If 
«j = (3'i_i + 2, then is odd, which contradicts the fact that A£ +1 — is odd. This completes 
the proof of (a). 



4. Combinatorial definition of unipotent and nilpotent pieces 

4.1. Let c G £Iq and let c € fF be such that 7 p (c) = 7g.(c). Define to be the set of all classes 
c' € Q p such that c' < c and c' ^ c" for any c" < c with 7 p (c") G A^,. We show that 

(a) {^flcett^ /o^to a partition ofUc or M g (see \4-2\ (a)) 
and that 

(b) each set S? is a piece defined in [7\ (see \5.1\ (b)). 

The definition of unipotent pieces using closure relations is first considered by Spaltenstein and (a) 
for Uq is shown in [TT]. For completeness, we include here a different proof which applies for both 
unipotent and nilpotent pieces. 

We define a map 

$:A^A^, (a, (3)^ (a J) 
as follows. When p ^ 2, $ is the identity map. 
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For (a, (3) G Ag , define a.\ = ot\ and 



a. 



rai+ Pi- 



tt i 



i] if ai > A 



. , ^ ,i>2; ft 
if fti < Pi-i 



L 2 

ft 



] ifft<a m i>;L 
if ft > ftj+i ' ~~ 



For (a, /?) £ , define 



ft; 



OL\ 



if ft > ai + 1 
if ft < ai + 1 



ft 



ft 



ft; 



if ft > ai + 1 
if ft_i < «j - 1 

if ft < ftj + 1 and ft_i > ftj — 1 



if ft > qi + 1 

if ct2 — 1 < ft < ai + 1 , 

if ft < a2 — 1 

% > 2, 



ft 



[S±|i±l] if A>ai + l 

[24+^] ifA<ft,+i-i 

ft if fti+i - 1 < ft < fti + 1 and ft_i > «j - 1 

or /3j > — 1 and ft_i < Oj — 1 



i > 2. 



For (a, ft G , define a% = a± and 



ft; 



rai+ft_i+2-| 



ft? 



ft 



if oj > ft_i + 2 
if a< < ft-i + 2 

2 



, i>2, 



-} if ft < oi+i - - >x 
ft ifft>a m -2 ' " ' 

(note that $((«,/?)) = (S, a) if and only if (ft, ft = (ft, ft); we define to be the identity map on 
the set of degenerate elements of W A ). 



It is easy to verify that in each case we get a well-defined element (a, p) £ A^ 



G- 



4.2. In this subsection we show that for each c € 

(a) 7 p (S?) = ^ 1 (7^(5)). 

Then HTTI (a) follows from (a). In view of Proposition [3TTI (a) follows from 

(b) $| A i = Id and (a,/3) < $(a,/3), 

(c) For any (a', ft) G A 1 suc/i i/iai (a, ft < (ft', ft), we have $(a,/3) < (ft', ft). 

The first assertion in (b) follows from the definition of <F Suppose <3?((a,ft) = (a, ft. Let Ai, Bi, 
Ai,Bi, A'^B'i be defined for (ft, ft, (ft, ft, (a', ft) respectively as in (JTJ). We prove (b) and (c). 

(i) Assume (a, ft G A^ . Note that we have ft + = ft + fti+i, -E>i = -Bi and thus Bi = B;. 
Moreover, Ai < Ai, and A4 < Ai if and only if < oti+i. Hence (a, ft < (cc,/3). 

Assume there exists (a', ft) G A^ such that (a, ft < (a', ft) and (ft, ft ^ (a', ft). Since 
Bj = Bj < B'j for all j, there exists an i such that < Ai. It follows that ft < a^+i (since 

< Ai) and thus ft < on + \ + 1 by the definition of <I>. On the other hand, ft > ft' > a' i+1 > dj+i 
(we use Bj = Bj < B'-, j = + 1, and the fact that (a', ft) G Ag^), which is a contradiction. 
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(ii) Assume (a,/3) G A^, . We show by induction on i that 

(d) if j3i > ai + 1, then B { > B iy A\ = A { ; if a i+1 - 1 < ft < a* + 1, then A\ = A { , B { = B,i; 
if Pi < a i+ i - I, then B t = B, h A { > A { . 

It then follows that (a,/?) < (a, ft. It is easy to verify that (d) holds when i = 1. We have the 
following subcases: 

(ii-1) fii+i > a i+ i + 1. Then a i+1 > a i+1 and aj +1 + ft+i = a i+1 + ft +i . Since ft > a i+1 + 1, 
by induction hypothesis, Ai = Ai. It follows that Bi + \ > Bj+i and Aj + i = Ai + \. 

(ii-2) a«+2 — 1 < ft+i < ttj+i + 1- If ft > ctj+i — lj then Aj = Ai (by induction hypothesis) and 
= Q!j+i; if ft < aj + i — 1, then B, L = Bi (by induction hypothesis) and ft + Sj+i = ft + ctj+i. 
It follows that .Bj+i = Since ft +1 = ft + i, we have A i+ i = A i+ i. 

(ii-3) ft+i < a i+2 - 1. If ft > a i+ i - 1, then Aj = Aj and = a i+ i; if ft < a i+ i - 1, then 
Bi = Bi and ft + CKj+i = ft + ai+i- It follows that Sj+i = Bi + \. Since ft+i > ft+i, we have 
A i+ i > A i+ i. (d) is proved. 

Assume there exists (a', ft) G Ajk such that (a,/3) < (a', ft) and (a, ft ^ (a', ft). Suppose that 
there exists an i such that A! { < Aj. Then it follows from (d) that ft < Oj+i — 1 (since Ai < Ai) 
and thus ft < ctj+i; Bi = Bi, Bi + \ = Bj+i and thus ft > ft + 1 > a' i+1 > ctj+i + 1, which is a 
contradiction. Then there exists an i such that B[ < Bi. It follows from (d) that ft > + 1 and 
thus ft > A~i = Ai < A^, Ai-\ = Aj_i < A£_ 1; and thus ft < ft — 1 < a\ < ai — 1, which is 
again a contradiction. 

(hi) Assume (a, ft G A 2 -, . We have ft + aj + i = ft + aj+i, Si = -Bi and thus Bi = Bi. Moreover, 
Ai < Ai, and Ai < A\ if and only if ft < «j + i — 2. Hence (a, ft < (a, ft. 

Assume there exists (a', ft) G A^, such that (a, ft < (a', ft) and (a, ft ^ (a', ft). Then 
Sj = £>j < Sj for all j and there exists an i such that Aj < A\ < Ai. It follows that ft < fij+i, and 
ft > ft' > 

a^ +1 — 2 > CKj+i — 2, which is a contradiction. This completes the proof of (b) and (c). 
5. Explicit description of pieces 

5.1. We define a map 

: Q p G -)■ (resp. * 2 : ft 2 fl^) 
as follows. Let *q be the natural identification map between and Qq if p / 2. 

If G = Sp{2n), let 
(9) ^((A,e)) = A(resp. * 2 ((A, *)) = A). 

If G = SO(N), define *^((A,e)) = A = (Ai > A 2 > • • • ) as follows, where A = (Ai > A 2 > • • • ). 
If A 2 j-i is even, e(A 2 j_i) = 1, and A 2i _i < A 2i _ 2 (when i > 2), then A 2 j-i = A 2 j-i + 1; if A 2i is even, 
e(A 2 j) = 1 and A 2 j > A 2 j+i, then A 2 j = A 2 j — 1. Otherwise Aj = Xj. Note that ^|o( 2ra )((A, e)) = X 

with Xi all even, if and only if A = A and e(A«) = for all i; for the two degenerate classes Ci,c 2 
corresponding to (A,e), we define ^(cj) = Cj by 7q(cj) = 7^(cj); i = 1,2. 
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If G = SO(N) and (X,x) € ^g, A = (Ai > A 2 > • • • ), let k > be the unique integer such that 
A 2 fc+ 2 = ^2k+i — 1 (when N is odd), and k = oo (when N is even). Define \I/?((A, x)) = A as follows. 



Ai 



2 X (Ai)-l if X (Ai)>f + l 



Ai 



ifx(Ai)<^ 



Ai+l > 



A 2 j - x(A2i) + x(A2i+l) if x(A2i) > A 2 j - x(A 2 i+i) + 1 

and i < k 



\2i 



2(A 2i - x(Aai)) + 1 

A 2 i 
A 2 i+i 



if M + i < x (a 2j ) < A 2i - x(A 2i +i) 
and i < k 

if x(Aai) < ^^r 1 and i < k 
i£i>k + l 



\2i+l 



A 2i - x(A 2i ) + x(A2i+i) if x(A2i+i) > A 2i - x(A2i) + 1 

and i < k 

2%(A 2 i+i) — 1 if % < k and 

% i + l<x(A2m)<A2 J -x(A 2l ) 



% > l. 



A 



2i+l 



ifx(A 2t +i)<^ ±1 ori>A: 



Note that ^s ( 2n )((A, x)) = A with \ all even, if and only if A = A and x(A*) = Aj/2 for all i; for 
the two degenerate classes ci,c 2 corresponding to (A, x), we define ^(cj) = 6j by 7 g(cj) = 7g(cj), 
/ 1.2. 

Using the definition of ^> P G (resp. and the description of the maps 7 P in 12.41 [231 and [2UI one 
verifies that 

(a) 7^ o = $ o 7 g (resp. 7( k o ^ = $ 

Proposition 5.1. Two classes c, c' E (resp. fl^) lie in the same unipotent (resp. nilpotent) 
piece as defined in [7j «/ and only if ^ p G (c) = ^^(c') (resp. \&g(c) = ^(c')). 

Proposition is clear when p ^ 2. If G = Sp(2n), the proposition follows from [7] (see Lemma [2 .71 and 
@). The case where p = 2 and G = SO(N) is proved in subsection 15.21 Note that the proposition 
computes the pieces in classical groups explicitly. Another computation of the unipotent pieces is 
given in [9]. Now in view of (a) and 14.21 (a), it follows from Proposition 15. II that 



(b) each set £~, c 6 Q, G , defined in \4-l\ is an unipotent (resp. a nilpotent) piece defined in [7]. 



5.2. Let G = SOiV) be as in 12.81 We prove Proposition 15.11 by induction on diml/. Assume 
VI/q(c) = c (resp. *g(c) = c). We show that 

(a) T c = T £ . 

Suppose that T c = {f a }, = {fa}- If G = SO(2n), then it follows from (a) that c is degenerate if 
and only if /o = 0, and then from [7] that each degenerate class itself is a piece. Now Proposition 
15. II follows from Lemma [2T51 If c = {0}, (a) is obvious. We assume c / {0}. Let u € c (resp. x G c) 
and let V , v! (resp. x') be as in 12.81 Let c' be the class of u' (resp. x') in G' = SO(V) (resp. 
g ' = so(V')) and let c! = #|,(e') (resp. *J(c')). Suppose that T c , = {f' a },T- d = {/*}. Let m, e, / 

be defined for T = u — 1 (resp. x) as in 12.81 Assume c = A, where A = (Ai > A 2 > • • • ). We show 
that 
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(b) m = Ai - 1, f a = f' a for all a G [-m + 1, m - I], and f m = f m . 

Since dim!/' < dimT^, by induction hypothesis, T c / = Yg/. It then follows from (b) and 12.81 (b) 
that f a = f a for all a, since f a = f- a = fa = f-a = for all a > m + 1. Hence (a) holds. 

We prove (b) for Assume c = (A,e), c' = (A',e'), and c' = A'. Using definition of and 
12.81 we can compute c', c, c', f m = dim V> m = dim(V>_ m+ i n Q _1 (0)) and f m = m^(Ai) in various 
cases as follows. 

(I) e(Ai) = 1 and m A (Ai) = 2m\. We have e = X\ = 2f — 2 and thus m = Ai, f m = 1; A^ = Ai, 
i G [1,2m! -2], e'(Ai) < 0, A' 2mi _ 1 = A 2mi = Ai-1, and A^ = Xj, e'(X'j) = e(A j ) for all j > 2mi + l. 
Moreover Ai = Ai + 1, Aj = Ai, i G [2, 2mi — 1] and X2 mi = Ai — 1; AJ = Ai, z G [l,2mi — 2], 
A' 2mi _i = Ai - 1 and A^ = A,-, j > 2mi. Thus f m = 1. 

(II) e(Ai) = and m>(Ai) = 2mi. We have e = Ai = 2/ and thus m = Ai — 1, f m = 2m\. Let 
m A(Ai — 1) = 2m 2 > 0. We have Aj = Ai, i G [l,2mi], A 2mi+ j = Ai — 1, i G [l,2m 2 ]. We have the 
following cases: 

(i) e(Ai - 2) < 1. Then X[ = X 1 - 1, i e [l,2m 2 ], X' 2m2+l = X x - 2, i G [l,2mi], e'(Ai - 2) = 0, 
and X'j = Xj, e'(Aj) = e(Aj) for all j > 2m 1 + 2m 2 + 1. Moreover, A- = Ai - 1, i G [l,2m 2 ], 
A 2m2+i = Ai - 2, i G [1, 2mi], and X'j = Xj, j > 2m\ + 2m 2 + 1. Thus f m = 2ni\. 

(ii) e(Ai-2) = 1. Then A^ = Ai-1, i G [l,2m 2 ], A' 2m2+i = Ai-2, i G [l,2mi + l], e'(Ai-2) = 1, 
and X'j = Xj, e'{X'j) = e(Xj) for all j > 2ui\ + 2m 2 + 2. Moreover, A 2mi+2m2+ i = Ai — 1, thus f m = 
2mi; A- = Ai - 1, i G [l,2m 2 + l], A' 2m2+1+i = Ai-2, i G [l,2mi] and X'j = Xj, j > 2m\ + 2m 2 + 2. 

(III) m^(Ai) = 2mi + 1. We have e = Ai = 2/ — 2 and thus m = Ai, f m = 1. Moreover, 
Ai = Ai + 1, Aj = Ai, i G [2,2mi + 1]. Let m A (Ai - 1) = 2m 2 > 0. Then A^ = Ai, e'(Ai) < 0, 
% G [l,2mi], X' 2mi+i = Ai - 1, % G [l,2m 2 ], A' 2mi+2m2+1 = Ai - 2, e'(Ai - 2) = 1, and A^ = Xj, 

e(X'j) = e(Xj) for all j > 2m\ + 2m 2 + 2. Moreover A 2mi+ i +i = Ai - 1, % G [l,2m 2 ]; A- = Ai, 
i G [1, 2m\], A 2mi+1 = Ai - 1, and A^ = A,, j > 2m 1 + 2. Thus f m = 1. 

(IV) e(Ai) = oj. Then m A (Ai) = 2mi. We have e = X± = 2f — 1 and thus m = Ai — 1. Moreover, 
Aj = Ai, i G [1, 2mi]. We have the following cases: 

(i) m\(Xi — 1) = 2m 2 and e(Ai — 1) = 1 (note then m 2 > 0). Then f m = 2m\ + 1; Aj = Ai — 1, 
i G [l,2m 2 - 2], e'(Ai - 1) < 0, A 2m2 _ 2+i = X x -2,ie [1,2m! + 2], and A^ = Xj, e'(A^) = e(Xj) 

for all j > 2m\ + 2m 2 + 1. Moreover A 2mi+ i = Ai, A 2rrtl+ i + j = Ai — 1, % G [l,2m 2 — 2], and 
A 2mi+2 m 2 = Ai - 2, thus f m = 2m i + 1; Aj = Ai - 1, i G [l,2m 2 - 2], A' 2m2 „ 2+i = Ai - 2, 
i G [1, 2mi + 1] and X'j = Xj, j > 2m\ + 2m 2 . 

(ii) m A (Ai-l) = 2m 2 ande(Ai-l) < 0. Then f m = 2mx; A< = Ai-1, % G [l,2m 2 ], e'(Ai-l) < 0, 
A' 2m2+i = Ai - 2, % G [l,2mi], and A^ = Aj, e'(A^) = s{Xf) for all j > 2m\ + 2m 2 + 1. Moreover 

A 2mi +i = Ai - 1, i G [l,2m 2 ]; A- = Ai - 1, % G [l 5 2m 2 ], A' 2m2+i = Ai - 2, i G [l,2mi] and A^ = Xj, 

j > 2m\ + 2m 2 + 1. Thus f m = 2m\. 

(iii) m\{X\ - 1) = 2m 2 + 1. Then f m = 2m x + 1; A< = Ai - 1, % G [l,2m 2 ], e'(Ai - 1) < 0, 
^2m 2 +i = Ai - 2, i G [l,2mi], A 2mi+2m2+ i = Ai - 3, e'(Ai - 3) = 1, and A^ = Xj, e'(X'j) = e(Xj) 
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for all j > 2mi + 2m 2 + 2. Moreover A 2mi +i = Ai, X 2mi+ i + i = Ai — 1, i G [l,2m 2 ]; A- = Ai - 1, 
i G [l,2m 2 ], \' 2m2+i = Ai-2, i G [l,2mi + l] and A£ = A,-, j > 2m 1 +2m 2 + 2. Thus / w = 2m! + 1. 

In each case it is now easy to see that (b) holds. 

We prove (b) for Vl/g. Assume c = (A, %), c' = (A',%'), and c' = A'. For (A, x) £ ^g; we extend x 
to a function x : N — > N as follows: 

X(i) = max([A 3 -;x(Aj)](i)), 

where [p; £](«') = max(0, min(i — p + I, I)). 

Using definition of ^jj and 12.81 we compute c',c,c', f m = dim V> m = dim(V>_ m +i nQ _1 (0)) and 
fm = ^(Ai) in various cases as follows. 

(I) x(Ai) = Ai/2 and Ai = 2. Write m A (2) = 2m i and m A (l) = m 2 . We have e = 2, / = 1 and 
thus m = 1, f m = 2m\. Then A- = l,i £ [l,m 2 ], A^ = for all z > m 2 + 1. Moreover, Aj = 2, 
« G [l,2mi] and A 2mi+i = 1, i G [l,m 2 ]; A£ = 1, i G [l,m 2 ], A- = 0, i > m 2 + 1. Thus f m = 2m\. 

(II) x(Ai) = Ai/2 and Ai > 4. Then m\(X\) = 2m\ and m\{X\ — 1) = 2m 2 (m 2 > 0). We have 
e = Ai, / = Ai/2 and thus m = X\ — l, f m = 2m\. Moreover, Aj = Ai, i G [1, 2mi], A 2mi+ j = Ai — 1, 
i G [l,2m 2 ]. We have the following cases: 

(i) x (Ai - 2) = Ax/2. Then A- = Ai - 1, x'(Ai - 1) = Ax/2, i G [l,2m 2 ], A' 2m2+i = X 1 - 2, 
x'(Ai - 2) = Ai/2, i G [l,2mi + 1]. Moreover, X 2mi+2m2 +i = Ai - 1, thus f m = 2mi; A£ = Ai - 1, 
i G [1, 2m 2 + 1], X' 2m2+1+i = Ai - 2, i G [1, 2mi] and A^ = A, for all j > 2m 1 + 2m 2 + 2. 

(ii) x(Ai - 2) < Ai/2. Then X[ = X 1 - 1, x'(Ai - 1) = Ai/2, » G [l,2m 2 ], A' 2m2+i = Ai - 2, 
x'(Ai-2) = Ai/2-1, i G [l,2mi]. Moreover, A^ = Ai-1, i G [l,2m 2 ], A' 2m2+i = Ai-2, i G [l,2mi] 
and Aj = Aj for all j > 2mi + 2m 2 + 1. Thus / m = 2mi. 

(III) x(Ai) = Then m A (Ai) = 2mi. We have e = Ai, / = and thus m = Ai - 1; A* = 
Ai, % G [1, 2mi]. There exists a unique j > such that x(Ai — j) = Xl 2 +1 and x(Ai — j — 1) < Al 2 +1 . 
Assume m^(Ai — «) = 2m,j + i, i G — 1]. We have the following subcases: 

(i) j = 0. Then x(Ai - 1) = ^f 1 , m A (Ai - 1) = 2m 2 (since < Ai - 1), and / m = 2mi. 
We have A< = Ai - 1, i G [l,2m 2 ], A' 2m2+J = Ai - 2, i G [MmJ, x'(Ai - k) = fc G [1,2], 
and A- = Aj, x'(A-) = x(Aj), for all i > 2m\ + 2m 2 + 1. Moreover, A 2m , 1+i = Ai — 1, i G [l,2m 2 ]; 
A- = Ai — 1, i G [1, 2m 2 ], A' 2m2+i = Ai — 2, i G [1, 2mi] and A£ = Aj for all i > 2m\ + 2m 2 + 1; thus 
f m = 2m 1 . 

(ii) j = 1 and m A (Ai — 1) = 2m 2 . Then m 2 > and f m = 2m\ + 1. We have A^ = Ai — 1, 
% G [l,2m 2 - 2], X' 2m2 _ 2+i = Ai - 2, i G [1,2m! + 2], x'(Ai - k) = ^=±, k G [1,2], and A^ = A;, 
X'(A-) = x(Aj), for alii > 2mi+2m 2 + l. Moreover, A 2mi+ i = Ai, A 2mi+ i +i = Ai-1, i G [l,2m 2 -2]; 
~X[ = Ai - 1, i G [1, 2m 2 - 2], A' 2m2 _ 2+i = Ai - 2, i G [1, 2mi + 1] and A- = A* for all i > 2m\ + 2m 2 . 
Thus f m = 2m i + 1. 

(hi) j = 2 and m(Ai — 2) = 2m,3. Then m3 > and f m = 2m\ + 1. We have A^ = Ai — 1, 
i G [l,2m 2 ], A 2ma+i = Ai - 2, i G [l,2mi + 2m 3 - 2], A' 2mi+2m2+2m3 _ 1 = A' 2mi+2m2+2m3 = Ai - 3, 

x'(Ai — k) = k G [1,3], and A^ = A i; x'(A0 = x(A t ), for all % > 2m x + 2m 2 + 2m 3 + 1. 
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Moreover, A 2mi +i = Ai, X 2mi+ i+i = Xi - 1, i G [l,2m 2 ], A 2mi +2m 2 +i+i = Ai - 2, i € [l,2m 3 - 2]; 
AJ = Ai - 1, i G [1, 2m 2 ], A' 2m2+i = Ai - 2, i € [1, 2mi + 1], and AJ = A, for all i > 2mi + 2m 2 + 2; 
thus / m = 2m i + 1. 

(iv) i > 3 and m A (Ai — j) = 2mj + \. We have / m = 2mi + 1; AJ = Ai — 1, i G [l,2m 2 ], 
A 2m2+i = Ai - 2, i G [1,2m! + 2m 3 ], ^ o€[lifc] 2m„-H = Ai - A;, s G [l,2m fc+1 ], fc G [3,j - 1], 
A' Eoe[lj . ]2mo+ , = Ai-J, i G [l,2m j+1 -2], A' Ea£M+i]2ma _ 2+i = X.-j-l, i G [1,2], x^-k) = 

k G + 1], and A- = Aj, x'(A-) = x(Aj), for all i > ^ a e[ij+i] 2m « + Moreover, A 2mi+ i = Ai, 
^E.e[i, fc ] 2m a +i+i = Ai-fc, i G [l,2m fc+ i], fc G [l,i-l], A Eag[i ^ 2ma+1+i = Ai-j, i G [1, 2m i+ i -2]; 
A- = Ai — 1, i G [1, 2m 2 ], A' 2m2+i = Ai - 2, i G [1, 2m! + 1], and A- = Aj for all i > 2m 1 + 2m 2 + 2. 
Thus / m = 2mi + 1. 

(v) j = 1 and m A (Ai — 1) = 2m 2 + 1. It follows that Ai = 3 and m A (l) = 2m 3 + 1. We have 
f m = 2mi + 1; AJ = 2, i g [l,2m 2 ], A 2m2+l = 1, i G [1,2m! + 2m 3 + 1], x'(2) = 1, Aj = 0, 
for all i > X)oe[i,3] 2m « + 2 - Moreover, Aj = 3, i G [l,2mi + 1], A 2mi+ i+i = 2, i G [l,2m 2 ], 
A 2 mi+2m 2 +i+i = 1, i G [l,2m 3 ]; Aj = 2, i G [l,2m 2 ], A' 2m2+i = 1, i G [l,2mi + 1] and A- = Aj for all 
i > 2mi + 2m 2 + 2. Thus f m = 2m x + 1. 

(vi) j > 2 and m,\(Ai — j) = 2m J+ i + 1. It follows that Ai — j = Al 2 +1 and m,\(Ai — j — 1) = 
2m j+2 + 1. We have f m = 2m x + 1; AJ = Ai - 1, i G [1, 2m 2 ], A 2m2+i = Ai - 2, i G [1, 2mi + 2m 3 ], 
A L e[ i. fc] 2m a +* = Ai - fc, « € [l,2m fc+1 ], fc G [3, j], A'^ ^ 2ma+ . = Ai - j - 1, i G [1, 2m j+2 + 1], 
A L e[1J+2] im a+ 2 = Ai - i - 2, X '(Ai - A) = A G [l,i + 1], X '(Ai - j - 2) = and AJ = A,, 
X'(A-) = x(Aj), for all i > Eae[i,j+2] 2m a + 3- Moreover, A 2mi+ i = Ai, A£ o6[lifc] 2m„+i+» = \i - k, 
i G [l,2m fc+1 ], k G [l,i + l]; AJ = Ai-1, i G [l,2m 2 ], A' 2m2+i = Ai - 2, i G [1,2m! + 1] and A- = Aj 
for all % > 2m\ + 2m 2 + 2; thus / m = 2mi + 1. 

(IV) x(Ai) > and m A (Ai) = 2mi. There exists a unique j > such that x(Ai — j) = x(Ai) 
and x(Ai - j - 1) < x(Ai)- Assume m A (Ai - i) = 2m i+1 , i G [l,j - 1]. We have e = Ai, / = x(Ai) 
and thus m = 2x(Ai) — 2, f m = 1. 

(i) j = 0. We have AJ = Ai, i G [1,2m! - 2], A 2mi _! = A' 2mi = A x -1, x'(Ai) = x'(Ai 1) = 
x(Ai) - 1, and A- = Aj, x'(Aj) = x(Aj), for all i > 2m\ + 1. Moreover, Ai = 2x(Ai) - 1, Aj = Ai, 
i G [2, 2mi - 1]. If x(Ai) = then AJ = Ai, i G [1, 2m x - 2], A 2mi _ 1 = Ai - 1, and X[ = Aj for 
all i > 2mi; if x(Ai) > then X[ = 2 X (X 1 ) - 3, and Aj = Aj for all i > 2. Thus f m = 1. 

(ii) j > 1 and m A (Ai-j) = 2m i+ i. We have A'^. j fe]2m , a+ j = Ai-fe, i G [l,2m fc+ i], A; G [0, 
A E ae[1 ,, 2ma+ , = Xi — j, i £ [1, 2m J+1 - 2], 2mo _ 2+i = Ai - j - 1, • € [1, 2], x'(Ai - k) = 
x(Ai) - 1, fc G [0, j + 1], and AJ = Aj, x'(Aj) = x(Aj), for all i > T, a e[i,j+i] 2nia + X - Moreover ' 
Ai = 2x(Ai)-l, Xj2 ae[ik]2ma+1+i = Ai-fc, i G [l,2m fc+ i], At g [0,j-l], A^ og[ij] 2ma +i+j = Ai -j, 
i G [1, 2m i+ i - 2]. If x(Ai) = then AJ = Ai, i G [1, 2mi], A 2mj+1 = Ai - 1, and Aj = Aj for all 
i > 2mi + 2; if x(Ai) > then A' x = 2x(Ai) - 3, and AJ = Aj for all i > 2. Thus f m = 1. 

(hi) j > 1 and m A (Ai — j) = 2nij + i + 1. It follows that X± — j = x(Ai) and m A (Ai — j — 1) = 
2m j+2 + l. We have A'^ fc] 2ma+ . = Ai-fc, i G [l,2m fe+1 ], G [0,j], ^ ae[1 j+1]2 m a+ i = ^i-J-1, 
i G [l,2m i+2 + l], A' Eo i , +2 2ma+2 = Ax-j-2, X '(X 1 -k) = X (Ai)-l, fc G [0,j + l], x / (A 1 -j-2) = 
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x(Ai) - 2, and A- = Ai, x'(A-) = x(Ai), for all i > J2 a e[i,j+2] 2m a + 3 - Moreover, Ai = 2 X (Ai) - 1, 
^. 6[ i,»]»n.+i-H = Ai - fc, i G [l,2m fe+ i], fc G [0, j + 1]. If x(Ai) = A- = A x , i G [l,2mi], 

A^rm+i = Ai - 1, and A- = A, for all % > 2m 1 + 2; if x(Ai) > Ai = 2x(Ai) - 3, and \' { = A, 

for all i > 2. Thus f m = 1. 

(V) m A (Ai) = 2mi + 1, then x(Ai) = Ai > and m x (Xi - 1) = 2m 2 + 1. We have e = / = Ai 
and thus m = 2Ai — 2,f m = 1. Moreover, Ai = 2Ai — 1, Ai = Ai, i G [2, 2mi + 1]. We have A- = Ai, 
i G [l,2mi], A' 2mi+i = Ai - 1, i G [1,27712 + 1], A' 2mi+2m2+2 = Ai - 2, x'(Ai) = x'(Ai - 1) = Ai - 1, 
x '(Ai - 2) = Ai - 2, A- = Aj = x(Aj) for all i > 2mi + 2m 2 + 3. Moreover, if Ai = 2, then = Ai, 
i G [1, 2mJ, A 2mi+1 = Ai — 1, and A^ = Ai for all i > 2m\ + 2; if Ai > 3, then X' x = 2X\ — 3, and 
A- = Ai for all i > 2. Thus f m = 1. 

In each case it is now easy to see that (b) holds. Proposition 15. II is proved. 



6. SPECIAL PIECES 

We say that a unipotent or nilpotent class c is special if 7 p (c) is a special character of W (see 
[21 H]). If G is of type B n or C n , then (a, (3) G Viip) is special if and only if Oj+i < < 014 + 1 for 
all i > 1; if G is of type _D n , then (a,/3) G W A is special if and only if cti+i — 1 < fa < 014 for all 
i > 1, in particular, each degenerate character is special (see [2]). 

Let c be a special unipotent (resp. nilpotent) class in G (resp. g). We define the corresponding 
special piece S c to be the subset of Uq (resp. M g ) consisting of all elements in the closure of c which 
are not in the closure of any special unipotent (resp. nilpotent) class c' < c (see 0] when p = 1). 
We show that a special piece is a union of unipotent (resp. nilpotent) pieces (for unipotent case, 
see also [9]). Hence Uq (resp. J\f g ) is partitioned into special pieces S c indexed by special unipotent 
(resp. nilpotent) classes c (when p ^ 2, this follows from [4]). In the remainder of this subsection 
assume p = 2. 

Let c be a special class and let S c be the corresponding special piece. Let c G VL l G be such 
that 7 2 (c) = 7q(c). Assume the corresponding special piece Sc (in the unipotent variety of the 
group over C of the same type as G) is a union of the special class c := c° and non-special classes 
c 1 , . . . , c m . We show that 

(a) S c = Ui g j 0/m ]S|. 

Assume 7q(c) = (a,/3). Let c* G S c and assume 7 2 (c*) = (a, 0). Then (a,f3) < (6e,/3) and for 
any special (a',0) < (a, ft), (a, (3) ^ (a',/3'). Assume $(a,/3) = (a*,/3*). It follows from EL"2l (b) 
that (a* J*) £ (a' J') and from[42](c) that (a*,/3*) < (d,/3). Hence (a* J*) = {a\0) for some 
i G [0,m] and thus c* G (note if c is a degenerate class, then m = (see [21 [3]) and c* = c). 
This shows that S c C Ujg^mjX 2 ^ 

Now if c is a degenerate class, then m = and r.h.s of (a) is {c} C <S C (see 14.21 (a)). Assume c is not 
a degenerate class and assume 7g(o 7 ) = (a- 7 , /3 J ), j G [0, m]. Assume c* G S?j and 7 2 (c*) = (a- 7 , /3 J ). 
Then we have $(a : ',/3 : ') = (d- 7 ,/?- 7 ) (see 14.21 (a)). Let c' < c be another special class and assume 
that 7 2 (c') = (a'J 1 ). We have (a J ',/3 J ) < (d J ' /ft) < (aj) (seeHJ(b)) and ^ (d',/3') (see 

1121(c)). Thus c* G 5 C . Hence E 2 C 5 C , t G [0,m]. The proof of (a) is completed. 
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